The Estrada index EE is a recently proposed molecular structure-descriptor, used in the modeling of certain features of the 3D structure of organic molecules, in particular of the degree of folding of proteins and other long-chain biopolymers. The Estrada index is computed from the spectrum of the molecular graph. Therefore, finding its relation with the spectral radius r (= the greatest graph eigenvalue) is of interest, especially because the structure-dependency of r is relatively well understood. In this work, the basic characteristics of the relation between EE and r, which turned out to be much more complicated than initially anticipated, was determined.
INTRODUCTION
The Cuban-Spanish scholar Ernesto Estrada designed in the year 2000 a new structure descriptor, 1 capable of representing certain features of the 3D structure of organic molecules, especially those of biochemical importance. Eventually, this structure descriptor was named the Estrada index, and is usually denoted by EE. It could be shown 2, 3 that the EE is particularly suitable for characterizing the degree of folding of proteins and similar long-chain biopolymers. More recently, several other applications of the Estrada index were reported, 4−7 which are, however, of lesser chemical relevance.
As the Estrada index is, in a relatively simple manner, computed from the spectrum of the corresponding molecular graph, efforts have been made to use the powerful mathematical apparatus of graph spectral theory 8 for determining the dependence of the EE on molecular structure. The hitherto obtained results are available in the literature. 9−12
Thus EE is equal to the sum of terms of the form e x , where x = λ k , k = 1,2,…,n, of which the greatest is e r . Therefore it is plausible to expect that there is a relation (or, at least, a correlation) between the Estrada index and the spectral radius. However, this relation is not simple, as seen from the example shown in Fig. 1 . The fact that the data points in Fig. 1 are grouped on several (almost) horizontal lines indicates that, in addition to the spectral radius, EE depends in a lesser manner on structural factors other than r.
In the subsequent section we elaborate an approach aimed at revealing the fine details of the structure-dependence of the EE is elaborated. Fig. 1 . The Estrada index (EE) of 10-vertex trees, plotted versus the spectral radius (r). There is an apparent (curvilinear) correlation between the data points. However, numerous data points lie on almost horizontal lines, indicating that factors other than r also influence the value of EE. In the case of benzenoid and acyclic molecules, the main among these "less important" factors have been identified. 10, 11 A POWER-SERIES-EXPANSION APPROACH Formula (1) can be rewritten as: 
where
(λ with M j denoting the j-th spectral moment:
The structure dependences of the first few spectral moments of molecular graphs are known. 17−24 For instance:
where n, m, and t stand, respectively, for the number of vertices, edges, and triangles. For benzenoid molecules, M 4 = 18m -12n, whereas for acyclic molecular graphs, M 4 = 2Zg -2n + 2, where Zg is the Zagreb index, the sum of the squares of the vertex degrees. 17, [25] [26] [27] It is worth noting that for alternant hydrocarbons (e.g., for acyclic and benzenoid systems), M j = 0 whenever j is odd. In view of this, the summation on the right-hand side of (2) is truncated, arriving at a series of approximate expressions for the Estrada index, viz.
If so, then EE(p) will depend on the spectral radius r and on the first 2p spectral moments (of which many are equal to zero).
It was previously shown that in the case of alkanes, EE(2) is a monotonically increasing function of the variable r and it was concluded that alkanes with maximal EE value will be those possessing maximal spectral radius. 12 The latter alkanes were earlier characterized by Simić and Tošić, 16 who established that these correspond to the so-called Volkmann trees. 28, 29 In a study 12 it was (erroneously) assumed that ) 2 ( EE EE ≈
. To obtain the correct conclusion (concerning Volkmann trees), it was sufficient that there is a positive correlation between EE and EE (2) . That this is indeed the case can be seen from Fig. 2 .
Numerical testing revealed that for the first few values of p, in particular for p = 2, the approximation ) ( p EE EE ≈ is highly inaccurate and should not have been used. In the subsequent section, this matter is clarified and it is also shown that for any value of p, p ≥ 2, there is a reasonably good, yet non-linear, correlation between EE and EE(p). 
NUMERICAL WORK
The accuracy of the approximation EE ≈ EE(p) was tested for the first few values of the parameter p. Some characteristic results of this kind, pertaining to trees with 8, 10 and 12 vertices (23, 106 and 551 trees, respectively) are given in Table I . The data in Table I clearly show that the approximation EE ≈ EE(p) is highly inaccurate and that only for very large values of p, say p > 5, are some more-orless satisfactory results obtained. In other words, the expressions EE(p) cannot be used for approximating the Estrada index. This is the bad news.
The good news is that the quantities EE and EE(p) are reasonably well correlated. The correlation between EE and EE (2) The curvature of the EE-EE(p) correlation is best eliminated by plotting EE x versus EE(p), for some appropriately chosen value of x. This value depends both on p and on the sample for which it is determined. For instance, for the sample consisting of 10-vertex trees and for p = 7, x has the value 5.6, in which case, the correlation coefficient for EE x vs. EE(p) is as high as 0.9997. Two further examples are given in Figs. 3 
